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1. Introduction. We propose to derive some results about the differential

operator

(1) L = -A-Vix)

on -7-dimensional Euclidean space RN from a treatment based on the theory

of random processes. These methods have been developed by Kac and others;

most of the results of this paper have been suggested in Reference [l].

It has been shown by Rosenblatt [2] that for F(x) a non-negative func-

tion satisfying a local Lipschitz condition at almost every point of RN, the

Green's function of the differential equation

1 d
(2) — A*(*. t) - f (_)*(*, t) = — fix, t), t > 0,

2 at

can be written in the explicit form

(3) Kix, y; t) = pix - y, t)E jexp j- j   F(„ + *(t))_t1 | xQ) = y - x\ ,

where

and

pix, t) = Í2tI)-n'2 exp Pí.
P^exp <-  f   Vix+ xir))dA | x{l) = y - x>

denotes the average value of

exp j-   f   Vix + xir))dr\
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for all paths x(-) of a Wiener process on RN [5; 6] satisfying .r(0)=0, x{t)

= y — x.

We shall generalize Rosenblatt's theorem, giving the explicit Green's

functions of (2) and of the associated elliptic differential operator

1
Ls=—A-{s+V{x)), s>0,

in certain open subsets ß of RN with boundary values zero. It will be seen

that a sufficient condition for the Green's functions to actually approach

continuously the value zero at a boundary point x0 of ß is that there exist a

conical sector with vertex at x0, entirely outside ß. With a refinement of our

methods, even weaker regularity conditions can be derived, although this

seems the best that can be obtained with little effort.

The explicit Green's function will then be used to prove the following

properties of the operator L=L0 on the space L2(û) of all functions with

summable square on the closure 0 of ß:

A. If ß is bounded, then the operator L, with boundary values zero, has

a discrete spectrum of negative eigenvalues { — X„}, with eigenfunctions

{tpn(x)} forming a complete orthonormal basis in L2(Q) (Theorem III).

1. The eigenfunctions of L have the asymptotic behavior

Z 4>l(x) ~ (—)
x„<x \¿ir/

JV/2 ■ i

¿a W      T(N/2 + 1)

asX—>«> (Theorem IV).

2. The eigenvalues of L have the asymptotic behavior

N{\) =   E 1 ~ (£-)
x„<x \¿ir/

N'2 mü

x„<x      W     t{n/i + i)

as X—>oo, where mä denotes the measure of the set ß (Theorem V).

B. If ß is unbounded, and if lim^i^o^gä V(x) = <*>, then the operator L,

with boundary values zero, has a discrete spectrum of negative eigenvalues

{ — X„], with eigenfunctions jc6„(x)} forming a complete orthonormal basis

inL2(Ú) (Theorem III).

1. The eigenfunctions of L have the asymptotic behavior

»^     2 /\\N'2

Z *.(*) ~ (-)     ■
x„<x \27r/x"x \2t/      T(N/2 + 1)

as X—>°o (Theorem IV).

2. If in addition, for some 5>0,

m{x E ß| V(x) < X} ~m{x E ßl       Max       V{x + y) < \] ~ X"P(X),
lvI<s,x-h/SQ
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with a 3:0 and F{K) slowly increasing in the sense of Karamata, then the eigen-

values of P have the asymptotic behavior

2V(X) =   £  1 ~ (2ir)-JVP(X) = {2ir)-Nm \x, y   — | y |2 + F(_) < X, x E öl ,
x„<x I       I 2 ;

asX—^oo (Theorem VI).

The results concerning the nature of the spectrum are well known [3,

Chap. V]. The result concerning the asymptotic behavior of the eigenfunc-

tions in both cases A and B is a generalization of Carleman's Theorem [l,

p. 206]. The asymptotic relation for the eigenvalues in the case of bounded

£2 is known as Weyl's Theorem; special cases are given in [9, Chap. VI].

These results have previously been obtained by the classical methods of

operator theory, or of the theory of meromorphic functions; the proofs in

the present paper are considerably simpler.

It is only with the asymptotic relation for the eigenvalues of P when 0

is unbounded that a result hitherto unproven has been obtained by the

methods of this paper. Titchmarsh [3, Chap. VI] has proved the following

theorem, using the Sturmian theory and complex function theory:

Let F(x), defined on the real line P', satisfy \in\\x\_„ F(x) = °o ; suppose

V'ix) exists, and F"(x)^0, lim|„,,_ |F'(x)|=oo, F"(x) g | V'ix)\r, Kr

<4/3, for \x\ sufficiently large. Then the operator L = {l/2)d2/dx2— F(x)

on P2(P') has a spectrum of negative eigenvalues { — X„} satisfying

N{K) -  £ 1 - - B{K) + 0(1), t

x„<x 2x

as X—* oo, where

P(X) = mix, y   — y2 + F(x) < xl   = 23'2 f (X - Vix)y'2dx.
\ I 2 ) JV(*)<x

Titchmarsh's result is stronger than ours where it applies, but even in the

case JV= 1, our Theorem VI is true for potentials F(x) which are not convex.

Because of the use of Sturmian theory, Titchmarsh's proof cannot be general-

ized to dimension _7>1, whereas the method of random process is almost un-

changed for higher dimensions.

The result /7(X)~(2ir)-;vP(X) for dimension N = 3 can be interpreted in

the light of quantum theory by the transformation y = {h/2irml,2)x, X = P. P

becomes the Schrödinger energy operator with potential Fi(y)

= Vi2irim1'2/h)y) ;

(2ir)-3P(P) = — f (2w(P - Viiy))yi2dy
A  J V1M<B

is the integral of the momentum of the system over a cycle in units of A. Hence



302 DANIEL RAY [September

N(E)~(2ir)~3B(E) expresses the equivalence at high energies of the Bohr-

Sommerfeld and Schrodinger theories. The result and the physicist's method

of deriving it are usually known by the names of Wentzel, Kramers, and

Brillouin.

We take for granted the reader's acquaintance with the theory of measure

and integration connected with Wiener processes [5, Chap. VIII; 6, pp. 492-

494]. The theory deals with the construction of a probability measure on the

space Ct of possible paths of the process; that is, continuous functions x(t),

0=t = /, with values in RN, such that x(0)=0. The probability measure

satisfies

Prob {x(tj) S£(,1S/S*(-        dxi • • ■   J    dxnJJ p(x¡ — x¡-i, r} — t,_i),
«* Ei » En 1

where x0 = to = 0, for Borel sets Pi, • • • , JS» in RN and times 0<n< • • •

<t„ = /. There is likewise a conditional probability measure on the subset

Ct,x of Ct of paths with x(t) =x, such that for any subset P of Ct in the Borel

field generated by neighborhoods in Ct of the above form, and for any Borel

set E in RN,

(4)      f Prob {FnCt,x\ x(t) = x}p(x, t)dx = Prob {P H {x{t) G E]}.
J %

We write integrals over C¡ or Ct,x with respect to the Wiener measures as

£{$(*(•))}    and   E{$(*(•)) | x{t) = x],

respectively; the integral over a subset F of Ct is denoted as E{${x{-));

x{-)EF}.
We obtain the results listed under A and B by treating the Green's func-

tion K{x, y; t) of (2) as the kernel of a semi-group of positive definite, self-

adjoint, contraction operators on L2(ß). The infinitesimal generator of the

semi-group is just the differential operator L, and hence the results concern-

ing the nature of the spectrum of L follow immediately from similar results

for the semi-group. Using the explicit form for K{x, y; /), we shall show that

the semigroup consists of completely continuous operators in the cases A

and B, and hence that the results hold which are stated there concerning the

nature of the spectrum. The proof of complete continuity is a direct one,

using a criterion of Tamarkin to show that the unit ball of L2(ü) is sent into

a compact set by each of the operators. Hence we have a direct and explicit

proof that the operator L has a discrete spectrum in the cases A and B.

Finally we prove the results concerning the asymptotic behavior of the

eigenfunctions and eigenvalues of L. From the previous sections we find that

Z exP { — ̂ ¿}<i>n(x) = K(x, x; /),        ¿1 exP {~ ^¿} =  I  K(x, x; t)dx.
n „Jâ
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We next infer from (3) that as /—>0, P(x, x; /)~(2x/)_iV/2; a Tauberian argu-

ment therefore implies

2_ 4>nix) ~( — )     —- ,
x^x W      r(_7/2 + 1)

as X—»°°. If ß is bounded, it is fairly easy to see that the asymptotic relation

can be integrated over Q with respect to x, yielding

_ /\\Nl2 mñ
N{K) =   Y. 1 ~ ( — )      ——-,

x^x        W      TiN/2 + 1)

as X—► co.

If ß is unbounded, a Tauberian theorem can still be used to derive the

asymptotic formula for N{K) only if additional hypotheses are assumed con-

cerning the potential F(x). If wi{^Gß| V{x) <X}~X"F(X), with a^O and

P(X) slowly increasing, then the formula can be obtained from a Tauberian

theorem of Karamata from the relation

j  ]_(*, x;t)dx~—-— I   e-'r<x>dx, t -* 0.
Ja i2irt)Nl2Jñ

To prove this last equation, however, we require in addition a condition on the

smoothness of V~ix).

These restrictions are actually necessary for reasons more inherent in the

nature of the problem. This is illustrated by the potential F(x)=log+ \x\

on RN, for which none of the above conditions hold. It can still be shown,

however, that in this case,

f e-™dN{k) =  X) r**. ~ 2X/(2A0JV/2r(—J.
*' o x„<x \ 2 /

It seems likely that no closer approximation to N{K) can be found from only

the asymptotic behavior of F(x), since a great deal of variation can be al-

lowed in _7(X) without appreciably changing the behavior of its Laplace trans-

form.

We believe that the association of probability theory with the differential

equation (2) is quite natural, and that the form (3) of the Green's function

makes intuitively obvious many of the deeper properties of the differential

operator P. It is hoped that the technique will be applicable to other prob-

lems, in particular to investigate the operator P in the case of a continuous

spectrum.

2. Green's functions associated with the operator P. The following theo-

rem forms the basis of our treatment of the differential operator P. The proof

is only a slight modification of that of Rosenblatt [2], and so only an outline

of it is given here.
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Theorem I. Let ß be an open set in RN such that at each boundary point x of

ß, there is a sphere with center x, some open sector of which is entirely outside

the closure ß of ß.

Let V(x) be a non-negative Borel measurable function defined on Q, bounded

on each bounded subset of ß. Let V{x) satisfy, at almost every point x in ß, a

Lipschitz condition of the form

(5) | V{x') - V{x) | < M{x) \x- x'\", 0 < a = 1,

x' in some neighborhood of x.

For x, y in ß, />0, s>0, set

K{x, y; t)=p{x-y, t)

•pjexp  j- f   V{y+x{r))dr\ ; y+x{r)EÜ, 0 = r = /| x{t) = x-y\ ,

H{x, y;s)= |    e-"K{x, y; t)dt.
J o

Then

(1) K{x, y; t) is the Green's function of the differential equation (2)

1 d
— Att>{x, t) - V{x)tj>{x, t) = — tp{x, /), j£!i,i>0,
2 dt

with boundary values zero: If \p{x) is a continuous function in L2{ü), then

tp{x, t) =  f_K{x, y; t)^{y)dy
J a

is the unique function with the properties :

Atj>{x, t) and dc6(x, t)/dt exist at each point x in ß at which the Lipschitz

condition (5) holds, and for each t>0, and 2~1Atp(x, t) —dtf>(x, t) /dt = V(x)tp(x,t);

tj>(x, t) is continuous on Qfor each />0, and tp(x, t)—0 on the boundary of ß;

lim tp(x, f) = \)/(x) for each x in ß;
!->0

tp(x, t) is in L2(Q) for each t > 0, and lim \\tp(x, t) — ̂ (x)\\ = 0,
Í-H)

(2) 77(x, y; s) is the Green's function of the differential operator

L,tp(x) = 1/2 Atp(x) - (s + V(x))tp(x), s > 0,

077 ß with boundary values zero: If \f/{x) is a continuous function in P2(ß), then

tp{x) =  \_H{x, y; s)yp{y)dy
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is the unique function with the properties :

A<pix) exists at each point x in ß at which the Lipschitz condition (5) holds,

and 2-1A4>ix) = is+Vix))$ix)-fix);

<f>ix) is continuous on Q and </>(x) =0 on the boundary of ß;

(j>ix) is in L2iQ).

If & = RN and F(x) is bounded on RN, besides satisfying the hypotheses of

the theorem, then Rosenblatt has proved that K{x, y; t) has second spatial

derivatives and a first time derivative, satisfying (2), at each point x in RN

at which the Lipschitz condition holds for F(x) ,and at each t>0. This same

result can be extended to the general case by the following methods:

Set Vn{x) = F(x) if V{x) _w and x is in ß; Vn{x) =n if V{x) >n and xGO

or if xGß- Set

Knix, y; t) = pix — y, f)E<exp   < —   I     F„(y + x(t)_t> | x{l) = x — y> .

Then __„(x, y; i) _:__n+i(x, y;t), and

lim Knix, y\t)= P(x, y;t)= pix — y, t)
n—►»

• P <exp   \-  f   Viy + x(t))0VÍ ; y + x{r) Eu,0 ^ t ^ t\ x{t) = x - y\ .

The latter statement is proved if we show that for every path x() of the

Wiener process such that x{t) =x— y,

lim exp   {-   f * Vniy + _(t))_t|  = exp {-   f ' Viy + x(r))_rl CS(x(-)),

where Cq(x(-)) = 1 if ï(r)+yGo for 0_st^¿, and Cjj(x(-))=0 otherwise.

But if the path x(-) satisfies x{r)+yEü, O^rg/, then certainly

exp i-f   Vniy + x{r))dX ->exp |- /   F(^ + x{r))dX .

If on the other hand y4-x(r0) is in the complement of Q for some t0, 0^t0_=í,

then since the Wiener path x( • ) is continuous, x{r) +y is in the complement

of 0 for all t in some interval of time of length 8>0. Hence

lim exp   < -  f   Y nix + x{r))dX  ^ lim e~"s = 0.
n—»m V.      J o / n—*»

Let x0 be a point in ß at which the Lipschitz condition on F(x) holds, and

take />0. Since ß is open, there is a sphere of radius say r0 about x0, entirely

in ß. Let p{r) be a function of the real variable r^O, sufficiently smooth,

such thatp(r) = 1 for O^r_{r0/4, pir) =0 for r^r0/2. Set g(£, /') =/>(?, i')p(|$| )•

By Rosenblatt's proof,
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1 d
— AKn(x, y; /) - Vn(x)Kn(x, y; t) - — Kn(x, y; /)
2 dt

at every point of RN at which (5) holds. Green's formula can be applied, since

(2~1A — d/dt)Kn is essentially bounded in the sphere \x — x0\ =ro, and with

little difficulty we obtain for \x — x0\ ^r0/2

f   dt' f   dt(— A£ + -^) q(x -S,t- t')Kn(t, y; /')
■Jo       Jrn     \ 2 dt/

= Kn(x, y; t) - q(x - y, t) + f   dt' f   c%(* - & t - f)Vn{QK*(l y; /')•
«/ 0 J RN

Now since each of the integrands vanishes outside the sphere |£ — x0\ ^=r0,

and since in the sphere F(£) is bounded, we may let 77 approach infinity,

obtaining the following integral equation for K(x, y; /):

K(x, y;t)+ f  dt' f <%(* - t, t - f)V{t)K{l, y; f)
J o       Jó

= q(x - y, t) +f   Wf di(j A£ + -^jqix - 1,1 'T 0?*(t ?! 0-

As in Rosenblatt's proof, it now follows that AK{x, y; t) and dK{x, y ; t)/dt

exist whenever (5) holds at xGß, and />0. Moreover, these derivatives can

be calculated [4, pp. 189, 193], and it is found that

1 d
— AK{xo, y;t)-K{x0, y; /)
2 dt

= V{xo)K{xo, y;t) + (— A-J q{x0 - f, /)
\ 2 dt /

- f   dt' f dd— A% + —) q{xo -i,t- f)V{&m, y; /')
«/ o       Ja      \ 2 dt /

+ f  dt' f dl(— At + ¿J q{xo - £, / - f)K(£, y; /')
Jo       Ja      \2 dt /

= lim <Vn{xo)Kn{xo, y;t) + (— A-) o(x0 — £, /)
n->«    1 \2 dt /

-   f   dt' (dl(— A( + ^-) q{xo -!t,t- t')Vn{S)Knit, y, O
Jo       Ja     \ 2 dt /

+ f   dt' j dt(— A{ + ^) q{xo - ?, / - t')Kn{ï, y; /)!
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(1 . ")
= lim <—APn(xo, y; t) — — P„(x0, y; t)>

n—»»   V. 2 3i I

= lim {F„(xo)P„(xo, y;t)} = F(x0)P(x0y;/)•
n—»m

That for every continuous function i^(x) in P2(Q)

fix, t) =  f Kix, y; t)fiy)dy
J a

has second spacial derivatives and a single time derivative satisfying (2)

whenever x is a point at which (5) holds and whenever />0 can now be proved

by substituting the equation (7) for K{x, y;t), obtaining an integral equation

for fix, t), to which the same analysis as above applies. The initial value

properties for fix, t) follow from the relation

fix, t) =  f Kix, y; t)fiy)dy
Ja

= j_E¡exp j- f'viy+ *(t))_t| ;
(8)

y + x{r) E ß, 0 g r ^ t1 xit) = x - y> -fiy)pix - y, t)dy

= pjexp  j-  f   F(x + xir))dXfix + xit));

x + x{r) eñ,o_T_il,

which is easily derived from equation (4). From (8) it is also clear that

fix, t) is in P2(?2) for all ¿>0, and \\fix, t)\\^\\f\\.
It can be shown [4] that A</>(x, t) has the bound Kt~112 for x in a small

neighborhood of a point x0 of ß at which (5) holds. Hence

fix) =  f   e-tfix, t)dt =  f_Hix, y; s)fiy)dy
Jo da

has second derivatives at x0, and from the initial value relations for fix, t),

these satisfy

1
— A4>(xo) — is + Vixo))fixo) = — fixo).

It is clear also that fix) is in P2(S2).

The uniqueness of the solutions fix, t) and fix) is proved by standard

methods. If the boundary of ß is sufficiently smooth, the uniqueness follows
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from Green's formula. In general, using the result for ß with smooth bound-

aries, it can be shown that a solution of (2) can have no positive maximum

or negative minimum, from which the uniqueness follows.

It remains to show that <p{x) and <p{x, t) have the proper boundary values.

For this it is sufficient to show that limx_IOi:t£Q K(x, y; /) =0 if yGß, />0, and

if Xo is a boundary point of ß. To this purpose, we give the following result

in the theory of Wiener processes, due to G. A. Hunt.

Lemma 1. Let C be the open sector in RN :

C = {x = (x\ ■ ■ ■ , xN) | (x2)2 + ■ ■ ■ + (xN)2 < ô2^1)2, | x\ < a].

Let {/„} be a sequence of times such that 0=/n+i = /n = l and t„—»0. Then

Prob {x(tn) E C for infinitely many n] = 1.

Set An = x(/„) — x(/„+i). Then for 77o = l, 2, • ■ • , {Ai, • • • , A„0} are inde-

pendent of { Zn At, tz>77o}, so that the event {x(t„)EC for infinitely many

77>n0] = { Zn AfcGC for infinitely many n>n0} is independent of

{Ai, • • • , A„0}. Hence, by the zero-one law of probability [8, p. 69],

Prob {x(tn)EC for infinitely many 77} is zero or one. But

1 — Prob {x(tn) E C for infinitely many 77}

=   lim   Prob {x(/„) G C, for all n = n0}

=   lim  Prob {*(/„„) G C]
n0->»

=   lim     1 - wc I p{y, tno)dy
n0->»   L J \y\<a J

=   1   —   W c
•

where wc is the ratio of the solid angle subtended by the sector C to the total

solid angle 2wNI2/T(N/2) in RN. Hence Prob {x(tn)EC for infinitely many 77 j

= wc>0, so that by the zero-one law, Prob jx(/„)GC for infinitely many n]

= 1.

We now prove lim,..,,,^^ K(x, y; /) =0, whenever x0 is a boundary point

of ß. Certainly

lim     K(x, y; t) =      lim     Kn(x, y; I) = Kn{xo\ y; t),

for every positive integer n, so that

lim     K{x, y; t) = lim Kn{x0, y; t) = K{x0, y; t)

= p{xo - y, t) Prob {x0 + x{r) G ß, 0 á r ^ /1 x(/) = y - x0}.

By the regularity hypothesis on the set ß, there is an open conical sector C
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with vertex Xo, entirely outside 0. Let Ci be the translation of C by —x0 in

RN. Then

lim     Kix, y; t) ^ pix0 - y, t) Prob {x{r) $d,0_T_<| x{t) = y}

^ Pixo - y, t) Prob <jx(r) G Cu 0 ^ r g — | x(¿) = yl

¿>(x0 - y, /) f n
< (rf)*'2 —-—- Prob 4*(t) G Ci, 0 < t < —}

Piy,t) I -    - 2)

= 0 by Lemma 5.

Since P(x, y; /) _?0, we have shown that P(x, y; t) is continuous on Q, with

value zero on the boundary of 0. The same properties therefore hold for fix, /)

and f{x), and the proof of Theorem I is complete.

Theorem II. Let ß and F(x) be as in Theorem I; then Kix, y;t), defined in

equation (6) is the kernel of a semi-group of operators

fix) -► Ktfix) =  f Kix, y; t)fiy)dy, t > 0,
Ja

0W the Hilbert space P2(fi). PocA operator Kt is self-adjoint, positive definite,

and is a strict contraction: ||__t^|| <||^|| if f^0. The semi-group is strongly

continuous for /2ï0: that is, UniAt^o \\Kt+Mf — K¿f\\ =0 for every f in P2(i2)

and for /=_0, where Po f=f-

We omit the proof of Theorem II. It follows either from the fact that

Kix, y; t) is the Green's function of (2), or directly from the theory of Wiener

integrals, using equation (8). In the latter method of proof, the only step

which is not trivial is the proof of the semi-group property Kt+f =KtKv.

3. Nature of the spectrum of P = 2_1A— F(x). We are now prepared to

prove from Theorems I and II the results stated in the introduction under A

and B. First we prove that if ß is bounded or if lim^i __,*£:„ F(x) = co, then

L has a discrete spectrum. This is a simple corollary of the fact that the oper-

ators Kt of Theorem II are completely continuous in these cases. This in

turn can be quite directly derived from equation (8), using the following

calculation of the measure of certain subsets of the Wiener spaces Ct,x and Ct.

Lemma 2. If a>0, then

(9) Prob \ Max | x{r) I » | x(/)>;ol|g 2.V exp { - a2/2/},
US7Í1 ;
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(10) Prob < Max | x(t) | > ai   ¿3 \ p{y, t)dy.

Let 7a be the cube in RN{x={x', • • • , xN)\ |x¡| =a, l=i = A}. Then by

Theorem I, if x is in 7a,

p{x, t) Prob |x(t) G 7a, 0 =" t = t\ x{t) - *} - K{x, 0; /),

where K{x, y ; t) is the Green's function of 2_1Ac6 = dtp/dt with boundary values

zero on the boundary of 7a. It is easily verified that

1   *   • X ( 1\ (      x2 / 1V )
K{x, 0; /) = — I   Y, cos — ( n + — ) x* exp <-( >7 + — ) t> .

a"ti„ti a\ 2/ I     2a2\ 2/j

Applying the Poisson summation formula,

1   » x/ 1\    . (      x2 / 1\21
—  Z. COS -1 77-1-) X1 exp  < — •-I 77 -\-I />
a ¿To a\ 2/ F  I     2a2\ 2/  /

exp {- (x4)2/^/} / • / I     2ak )

—W^-K1 - ?(- i}"vkp r --(°" - ■»}
+ exp l- — {ak+ x{)i jj

exp {- {xï)2/2t\ / (2a .     .  ) \

since the terms of the alternating series decrease for |x*| <a. Hence

Prob \ Max | x(t) \ = a | x(/) = 0>

= Prob |x(r) G 7a/2, 0 £ r £ i\ x{t) = 0]

~ p(0, /) ti   (2X/)1'2 V ~ 2 6XP \~ Tt) )

= l-2AexP{-|},

and this is equivalent to equation (9).

To derive equation (10), we make use of the relation (4) satisfied by the

conditional probability measure:

Prob {x(t) G7a, 0 => g /}

=  |    p{x, t) Prob {x{r) E la, 0 g t g l\ x{t) = x]dx
J Rf
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*/   (l -2Zexp j--f (_-|„<|)j^(*,/)_*

/" / ra   exp {x2/2¿}      X^-1

J a (2T/)1'1

à 1 - 3 i />(x, i)_x.
•/ _W_r_

Therefore

Prob \ Max | x(r) | á a > à Prob { x(t) G 70/2, 0 5Í r ¿ < J
lo_r_< ;

_t 1 - 3 I pix, t)dx _: 1 - 3 I ¿(y, *)«>,
J RN-Ia/2 J  |y|>o/4

which yields equation (10).

We immediately use this result to prove the complete continuity of each

operator Kt in the semi-group under the conditions described in A and B of

the introduction.

Lemma 3. Let ß and F(x) be as in Theorem I, and suppose also either that

ß is bounded or else that lim|_|..00,.te_ F(x) =  00. Then for each t>0, Kt:

Ktfix) =  f __(*■, y; t)fiy)dy
J a

is completely continuous on P2(Q). Hence Kt has a countable set of eigenvalues

exp ( —\jt}, with eigenfunctions {f¡{x)} independent of t and forming a com-

plete orthonormal basis in P2(0).

The complete continuity of Kt, t>0, is a consequence of a theorem of

Tamarkin [7], if we prove

(1) Kifix) is bounded uniformly for f in P2(0) with ||^|| = 1 and for x in Í2.

(2) /|.|>0| Ktfix) 120*x—>0 as 0—><=o, uniformly for f in P2(fi) with ||^|| = 1.

But (1) is easy, using equation (8):

I Ktfix) 1 g P jexp  j- J   F(x + xir))dX I fix + _(*)) | ;

X + X{r) Gü,0-T_i|

g P{ I fix + xit)) \;x+ x{r) £U,0_r_/|
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- Lp(y ~x't] ' *{y) 'dy - [I N(p(y't)ydy~\ ii^ii

= (4x/)-^/2,

if ||\^|| =1. Moreover the statement (2) is trivial if ß is bounded, so that in

this case Tamarkin's criterion certainly holds.

To prove (2) in general, note first that by hypothesis exp   {— tV{x)\

<5(a) if |x| >a/2, xGß, where 5(a)—>0 as a—**>. Hence if xGß and |x| >a,

E < exp < - 2 f   V{x+ x(r))dr \ ; x + x(t) G ©, 0 =" r = / i

= Prob < x + x(t) G ß, 0 á r á /;  Max  | x{r) | > a/2 i
( oítíi ;

+ (0(a))2 Prob \x+ x(r) G ß, 0 = r = /; Max   | x(t) | g — 1
I OSrgl 2   j

= 3 f p(y, /)ay + (5(a))2.
J ll/l>a/8

Thus

f        | 7T^(x) |2áx
*J |i|>a

=   f       ¿xP -j exp < - 2 ]     V{x+ x{r))dr \ ; x + x(t) G 0, 0 = r = / i

■E{ I >A(* + x(/)) |2; x + x{t) G ß, 0 = r = /}

by Schwarz's inequality applied to (8),

ú\3 Ç p{x, l)dx + (5(a))2 )
\    J | i|>o/8 /

•  f       ¿xP{ I yp{x + x(t)) |2; x + x(r) G ß, 0 = r = /}
J  \x\>a

îLÇ p(x,t)dx+(S(a))2)-y\\2,
\    J  |zl>a/8 /

and this tends to zero as a becomes infinite, uniformly for \p in L2(ü) with

||i/'|| =1. The proof of Tamarkin's criterion, and hence of the complete con-

tinuity of Kt in the cases stated, is now complete.

That the complete continuity of K¡, together with the fact that Kt is

positive definite, imply that Kt has a sequence of eigenvalues from whose
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eigenfunctions a complete orthonormal basis may be chosen is well known.

The remainder of the proof is also quite standard. If f is an eigenfunction

of Kt with eigenvalue p, we have clearly 0 <p < 1 since Kt is positive definite and

a strict contraction ; set X = — (1/i) log p. f is also an eigenfunction of Kt/2 with

eigenvalue exp { -X(//2)} =J_1'2. For iKt-pI)f = iKti2+p}l2I)iKt/2-pll2I)f = 0,

but setting f = Kt/2f-p1'2f, 0 = ||(Pi/2+M1/27)'/'][2 = ((Pi/2+M1/27)V, f)

= \\Ktf\\2+p2\\f\\2+2p1l2iK,/2f, f), so that f = K„2f-p1'2f = 0 follows from
the fact that Kt¡2 is positive definite. Repeating the process, we see that f is

an eigenfunction of Kt, with eigenvalue exp { —X/'}, whenever t' = im/2n)t

for positive integers m, n. Since such numbers are dense in the half line

{¿'>0}, the strong continuity of the semi-group implies that f is an eigen-

function of Kt, with eigenvalue e~xt, for every t'>0.

We use the relation between the semi-group and the operator L, and use

Lemma 3 to prove the first of the results stated in the introduction.

Theorem III. Let ß and F(x) be as in Theorem I, and suppose also either

that ß is bounded, or that lim!_!_,-,_= a F(x) = «. PAew the differential operator

L=A/2— F(x) on P2(ß), with boundary values zero, has a discrete spectrum of

negative eigenvalues { — Xn}, with eigenfunctions forming a complete orthonormal

basis in P2(Q).

Theorem III is a direct consequence of Lemma 3 and the fact that fix)

is an eigenfunction of P with eigenvalue —X if and only if fix) is an eigen-

function of Kf for each f>0, with eigenvalue e~*'. These facts are quite

simple, however: If f in P2(0) and X are such that Ktf = e~uf for t>0, then

by Theorem I,

/.(exp {-\t}f) = exp {- \t}(— Af - F(x)<H

= ■— (exp { — \t} f) = — X exp { — \t} f
dt

so that f is an eigenfunction of P with eigenvalue —X. On the other hand, if

—X is an eigenvalue of P, with eigenfunction f in P2(ß), then by Theorem I,

¡fix) dtH,fix) =  f_Hix, y; s)fiy)dy =   (    e~stK
JH Jo

1 c™
=-fix) =  I    e~ate-'Ktfix)dt

s + X -o

for   every   s>0.   By   the   uniqueness   of   the   Laplace   transforms   Ktf

= exp { — \t}f for all t>0, which completes the proof.

4. Asymptotic behavior of the eigenfunctions and eigenvalues of P. In

this last section of the paper we give the asymptotic relations stated in the
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introduction for the eigenfunctions and eigenvalues of L. The first three of

these results are now very easily proved, and serve to illustrate the method

used.

Theorem IV. Let ß and V{x) be as in Theorem I, and suppose also either

that ß is bounded, or that lim.\x¡^„tX^a V{x)= <x>. Then the normalized eigen-

functions {tp„{x)} of the differential operator L=2~1A—V{x), with boundary

values zero on ß, satisfy

£ *.(*) ~ (—)
x„<x Vx/

XX*'2 1

x„<x \2x/       T{N/2 + 1)

as X—» °°, for each x in ß.

Since each eigenfunction tp„ of L is also an eigenfunction of Kt, with eigen-

value exp { —X„/}, and since {<p„} is an orthonormal basis in L2(ß), it is easy

to verify that

K{x, y; t) = £ exp { - Xn/}tf>„(x)t>n(y)
n

for x, y in ß and />0. Hence

£ exp { — \nt]tj>n{x) = K{x, x; t)
n

= ^E{^{-fonX+X{T))dT}-'

(11)

x + x{t) E ß, 0 á t = /1 x{t) =0 j-

=   f   exp {-Xi}dx(   Z *Î(*)Y
•^ o \ x„<x /

Now as i—>0, it is clear that for x in ß,

£ | exp   < -  f   V(x + x(r))dr i ; x + x(r) G ß, 0 = r = /1 x(/) = 0 >

tends to 1. For

exp | -   f    V{x + x(r))ár| -* 1

for each of the continuous paths x(-) of the Wiener process, while by Lemma

2 if xGß,

Prob {x + x(t) G ß, 0 = r g /1 x{t) = 0} -> 1.
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Therefore

1
P(x, x; /) ~- as t —* 0,

(2irt)ifl2

for each x in ß. Applying the Hardy-Littlewood-Karamata Tauberian Theo-

rem [10, p. 208], this and equation (11) imply

^-    2 / x y2 1
y, fnix) ~ I — I      - as X •
^ \2irf       r(P/2+l)x~x \2ir/       r(A^/2+l)

Theorem V. Let ß and F(x) be as in Theorem I, and suppose that ß is

bounded. Then the eigenvalues { — X„} of the differential operator P = 2_1A— F(x)

with boundary value zero on ß satisfy

_ / X V'2 mü
¿V(X) m  £ 1 ~ ( — )     - as X ■

x^x \2ir/      r(P/2+l)

By equation (11), the Laplace-Stieltjes transform of

Ni\) =   Z    f flix)dx
x„<x J a

is

/.
P(x, x; t)dx.

As in the proof of Theorem IV, (2ir/)JV/2P(x, x; t)-+l and i—»0, and the con-

vergence is bounded, so that

X
miï

P(x, x;t)dx~- así—> 0.
(2^)"/2

Again, the Karamata Tauberian Theorem implies

^'2        miï

TiN/2 + i)
2V(X)~Í — J — > asX

To extend the result of Theorem V to the case of ß unbounded requires

more delicate treatment, and can be carried out only if the asymptotic be-

havior of F(x) as |x|—>co is assumed such that the Karamata Tauberian

Theorem is applicable. In addition, a smoothness condition must be satisfied

by F(x) ; although this is very weak, we cannot show that the asymptotic

behavior of N{K) depends only on the asymptotic behavior of V{x).

Theorem VI. Let ß and F(x) be as in Theorem I, and assume that ß is un-

bounded and that lim|,|,w>»gn F(x) = oo. Suppose also that
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m{xE ß| V{x) <\] ~XaP(X), a = 0,

with P(X) slowly increasing: that is, for every u>0,

P(ßk)
lim- = 1 ;
x— P(X)

and that for some 5>0,

m \ x E ß |        Max   _ V{x + y) < X \ ~ X°P(\).

Then the eigenvalues { —Xn} of the differential operator L = 2_1A — V{x) with

boundary values zero on ß satisfy

A(X)=-   £l~-L-2}(X)
X„<X {2ir)N

= ~KÄ^m{X'y\^y^+nX)   <X' *G"}'

as X—> oo.

We start the proof of Theorem VI from the relation

/exp {- X/}áA(X) =  ¡_K{x, x; t)dx
o Ja

derived from equation (11).  By the Karamata Tauberian theorem, N(\)

~(l/(2x)Ar)P(X) will follow if we can prove

(12) Ck(x, x;t)dx~ f exp {-tV{x)]dx.
Ja (2irt)NI¿J a

For since ra{xGß| F(x) <X}~XaP(X), an Abelian argument [10, p. 201] im-

plies

1        c 1        C"
-I   exp { - tV{x)]dx =- I    er^dm{ V{x) < XÎ
(2x/)"'2J5    F l ' (2x/)"'2Jo

-r(o + i)Pi
(2x/)w/2

Hence the Tauberian Theorem yields

T{a + 1) P(X)
N{\)---— \"i2+«.

T(a + A/2 + 1) (2x)"'2

But it is easy to see that

(lh
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■-I   exp { - tVix)} dx
i2irt)Nl2Jâ l '

=-i     exp < — t-> _y I   exp { — tVix) }dx
{2it)nJrn    V \ 2 .'/•     JS • WJ

"7¿í/>p|-Xí)i2i<x)'
(2»)

whence by the same argument,

i r(« +1)        Fix)
N{K)-7?(X) ~ —->-—,—'-- —A_i_ \*/i+«.

(2ir)* r(o + 1 + N/2)  i2ir)N'2

Thus the proof of Theorem VI is reduced to that of equation (12).

We prove equation (12) in two steps, the first of which is relatively simple:

J_P(x, *;/)_* =/__x^-^p{exp   { - £   F(x + _(,))_>} ;

X + X(r) eM-T_<| *(0 = o >

c        i      1 f
_:    dx-I   it

Ja      i2irt)N'2    t Jo

•p{exp {- tVix + x(t)) } ; x + x{r) G ß, 0 ^ r S t\ x(í) = 0}

by Jensen's inequality,

o Vgl* lfodTE{f,e-a„+x^-a -P |-^C+ •«)}*•!«» = °}

= 7¿j^ T/o<¿r£{/Sexp ^^^ 40 = o}

= 724^Xexp{~/FW}¿"

Therefore

(13) f __(*, x; <)_* _^  -   x_,„ f exp { - ¿F(x) }_x, í > 0.
Ja {¿irt)NI2Ja

To prove that asymptotically, the opposite inequality holds, we write

first

f{u, V)  = 0     if M ̂  D, /(«, V)  —  1     if M > !).

Then
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I  K(x, x; t)dx
Ja

= l^LdXE{io&XP {~ U}f(U' /,'^+*»*)*«

x + x(t) E ß, 0 =■ t = /1 x(/) = 0>

1    r°°    (    i
=-I     exp ! — u\du

(2x/)*/2 Jo

•p{ f   _ /(w,   f   F(x+ x(t))¿t)¿x| x(0 = ol

1    r00    (    i
= ■- I     exp 1 — u\du

{27rt)N'2Jo

■E<m<xEm   I     V{x + x{r))dr < u;

x + x(r) G ß, O á t = / i  x{t) = O i

1    r°°    (    i
>- I     exp    — u\du
-    {2TTt)Nl2Jo

•E¡m<xEñ\   I    V{x + x(r))dr < u, x + x{t) E ß, O ̂  t g / > ;

Max  | x(t) I < 5 j x(t) = O > ,
Oárgl

since the Wiener integral over the complementary subset {Maxo¿T¿t \x{t)\

= 5} of Ct.o is certainly non-negative. But if Max0gT£i |x(t)|<ô, then

/ Max |j,|<s V{x+y) <u implies /¿F(x+x(r))cfT<M, so that

/K{x, x; t)dx =- I    exp { — u\du
a                            (2x/)^'2Jo

•£<m<xGß<       Max        F(x + y) < m i ;    Max | x{t) | < 5 | x(<) = 0 {•

if f     -1 u \
- I    e-udu-m<xEtt\       Max _   F(x + y) < — >
irt)NI2J o \ I l»l<i.i+vGa / j

(l-3f       p(y, OáyY
\ «/  UI>S/4 /

>~ (2
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Now as 2—K), 1—3 f\y\>sn p{y, t)dy—>l, while by the Abelian argument pre-

sented before, and by the hypothesis

m \ x E ß        Max       F(x) < X \ ~ X<P(X),

we infer

/exp {—u}dum< x E ß        Max _   F(x) < — > ~ r(« + 1)f(—Va.
0 l \V\<S,x+v& t   ) \ t   /

From these considerations, together with (13), it follows that

I  P(x, x;t)dx~- I  exp {— tVix)}dx
Ja i2irt)"l2Jä    V l W<

1

(2ir/) JV/2
Y{ol + \)F

(t>-

as t—*0. This proves equation (12), thus completing the proof of Theorem VI.

In order to illustrate the dependence of the result of Theorem VI on the

hypothesis, we consider the potential F(x)=log+|x| =Max {log|x|, 0} on

ß = Pw. None of the hypotheses concerning the asymptotic behavior of F(x)

are satisfied for this potential; still, some partial information can be deduced

concerning the eigenvalues of P=A/2 —log+|x|.

By Theorem III, P = 2-1A— log+ |x| has a discrete spectrum of negative

eigenvalues {— X„} with eigenfunctions {fnix)}, satisfying

X exp { - \nt} fnix)
n

= P(x, x; t) = —— Pjexp |- J* log+ | x + x(t) | _t| | x(/) = o| .

Moreover if t>N

/» CO

exp {- \t}dN{K)
o

=- |    dxE < exp I — I   log+ I x + x(t) I _r > I xü) = 0 > ;
{2irtyi2JRN        lPlJ08|TW|f|W )

but both sides of the equation are infinite if t^N. We can still apply Kara-

mata's Theorem, however, to the relation

f   exp { - \t} exp { - \N}dNi\) =  f   P(x, x; t + N)dx.
J0 J B"
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As in the proof of Theorem VI,

2x*'2   (1
(-1-) =   Í   exp { - (/ + N) log+ I x I ]dx

T(N/2)\N       t)     Jrn * l '    M

= (2x(/ + N))N>2 f   K{x, x; t + N)dx
J R"

>   f     exp {— u\dum<x E RN  Max log+ I x + y I < -—>
~ Jo I |y|<« t + N)

(i - 3 f p(y, /)¿y)
\ «J  |»|>i/4 /

x*'2 /A,        A! 8*  \
= ■-(/ + N) I E •-—]

r(A72 +1) \   o    k\{N - k)l t + k)

(l - 3 f p{y,t)dy).

Hence as t—*0,

1 1 2

J R
K{x, x; t + N)dx-

V (2A)^'2  T{N/2)    t

applying Karamata's Tauberian theorem,

1 1

' (2A0*/2   T{N/2)
f   exp {- Na}dN{p) =   Z exp {- AXn} --

J o x.<rx

On the average, therefore, the number N(\) of eigenvalues of the potential

log+ | x| behaves like 2(2N)-N'2/T(N/2) eN*, although it seems impossible to

prove asymptotic equality of A(X) with this expression without using more

than just the asymptotic behavior of the potential V(x).

Added in proof. The author has learned that using Tauberian arguments,

Professor Titchmarsh has recently derived asymptotic relations for the eigen-

values of the differential operator L in dimensions greater than one. His new

results bear much the same relationship to ours as do his previous results in

the one-dimensional case.
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