ON SPECTRA OF SECOND-ORDER
DIFFERENTIAL OPERATORS()

BY
DANIEL RAY

1. Introduction. We propose to derive some results about the differential
operator

(1) LE%—A— V(x)

on N-dimensional Euclidean space RY from a treatment based on the theory
of random processes. These methods have been developed by Kac and others;
most of the results of this paper have been suggested in Reference [1].

It has been shown by Rosenblatt [2] that for V(x) a non-negative func-
tion satisfying a local Lipschitz condition at almost every point of R¥, the
Green's function of the differential equation

i)
can be written in the explicit form
© K30 = s = 308 {oxp {= [ Vst star} 150 = 5 - 2},
0

where

| x|?
B 1) = (2r)V1 exp {— - }

E{exp {—L‘V(x + x(f))dr} | 2()) = v — x}

denotes the average value of

exp {—‘fo‘V(x + x('r))dv-}
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for all paths x(-) of a Wiener process on R¥ [5; 6] satisfying x(0) =0, x(z)
=y—x.

We shall generalize Rosenblatt’s theorem, giving the explicit Green's
functions of (2) and of the associated elliptic differential operator

1
LaE'?A—(S'!'V(x))v s> 0,

in certain open subsets @ of R¥ with boundary values zero. It will be seen
that a sufficient condition for the Green's functions to actually approach
continuously the value zero at a boundary point x, of Q is that there exist a
conical sector with vertex at x,, entirely outside Q. With a refinement of our
methods, even weaker regularity conditions can be derived, although this
seems the best that can be obtained with little effort.

The explicit Green’s function will then be used to prove the following
properties of the operator L=L, on the space L2() of all functions with
summable square on the closure Q of Q:

A. If Q is bounded, then the operator L, with boundary values zero, has
a discrete spectrum of negative eigenvalues {—N\.}, with eigenfunctions
{¢n(x)} forming a complete orthonormal basis in L2(@) (Theorem III).

1. The eigenfunctions of L have the asymptotic behavior

9 A\¥/2- 1
Zé0~G) s

as A— o (Theorem IV).
2. The eigenvalues of L have the asymptotic behavior

A\V/2 mS}
Ny = 1~<—) ——,
= 2w/ T(V/2+1)
as A=, where mQ denotes the measure of the set @ (Theorem V).

B. If 2 is unbounded, and if lim ,|.«,.cg V(x) = «, then the operator L,
with boundary values zero, has a discrete spectrum of negative eigenvalues
{—)\,.}, with eigenfunctions {¢,.(x)} forming a complete orthonormal basis

in L2(Q) (Theorem III).
‘ 1. The eigenfunctions of L have the asymptotic behavior

. A\N/2 1
)\,,z<:)\ ¢(2) ~ (E) N2+ 1)

as A— o (Theorem 1V).
2. If in addition, for some §>0,

m{xEﬁIV(x)<)\}~m{x€§| Max _ V(x+ 9) <N} ~\FQ),
lyl<sz+yEa
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with «=0and F(A) slowly increasing in the sense of Karamata, then the eigen-
values of L have the asymptotic behavior

NN = X 1~ @m) B = 2m)m {x y ]%l Y+ V@ <NwzE ﬁ} :
A<
as A— o (Theorem VI).

The results concerning the nature of the spectrum are well known [3,
Chap. V]. The result concerning the asymptotic behavior of the eigenfunc-
tions in both cases A and B is a generalization of Carleman’s Theorem [1,
p. 206]. The asymptotic relation for the eigenvalues in the case of bounded
Q2 is known as Weyl's Theorem; special cases are given in [9, Chap. VI].
These results have previously been obtained by the classical methods of
operator theory, or of the theory of meromorphic functions; the proofs in
the present paper are considerably simpler.

It is only with the asymptotic relation for the eigenvalues of L when Q
is unbounded that a result hitherto unproven has been obtained by the
methods of this paper. Titchmarsh [3, Chap. VI] has proved the following
theorem, using the Sturmian theory and complex function theory:

Let V(x), defined on the real line R’, satisfy lim|, .., V(x)= «; suppose
V''(x) exists, and V”(x) 20, limpj.e | V(%) =, V(x)<|V'(®)]|7, 1<r
<4/3, for |x| sufficiently large. Then the operator L=(1/2)d?/dx?— V(x)
on L2(R’) has a spectrum of negative eigenvalues { —)\,.} satisfying

N = 2 1= —21; B() + 0(1),

AN

as A=, where

B(\) = m{x, y

L ¥+ V(x) < )\} = 23/2f (\ — V(x))%dx.
2 V(2)<A

Titchmarsh’s result is stronger than ours where it applies, but even in the
case N=1, our Theorem VI is true for potentials V(x) which are not convex.
Because of the use of Sturmian theory, Titchmarsh’s proof cannot be general-
ized to dimension N >1, whereas the method of random process is almost un-
changed for higher dimensions.

The result NN\)~(27)~¥B(\) for dimension N =3 can be interpreted in
the light of quantum theory by the transformation y=(k/2rm'%)x, \=E. L
becomes the Schrodinger energy operator with potential Vi(y)
= V(2r(m'*/h)y);

2
(2m)7*B(E) = 5 @m(E — Vi(y))'*dy

Viw<E

is the integral of the momentum of the system over a cycle in units of 4. Hence
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N(E)~(27)*B(E) expresses the equivalence at high energies of the Bohr-
Sommerfeld and Schrédinger theories. The result and the physicist’s method
of deriving it are usually known by the names of Wentzel, Kramers, and
Brillouin.

We take for granted the reader’s acquaintance with the theory of measure
and integration connected with Wiener processes [5, Chap. VIII; 6, pp. 492
494]. The theory deals with the construction of a probability measure on the
space C; of possible paths of the process; that is, continuous functions x(7),
0=7=t¢, with values in R¥, such that x(0)=0. The probability measure
satisfies

Prob {x(T,-) - E,', 1= j = n} = dxy - - f dan p(x, — X1, Tj; — 1’,'_1),
Ey E, 1

where xo=79=0, for Borel sets E,;, - - -, E, in R¥ and times 0<r, < - - -

<1,=t. There is likewise a conditional probability measure on the subset

C.» of C, of paths with x(f) =x, such that for any subset F of C, in the Borel

field generated by neighborhoods in C, of the above form, and for any Borel

set E in R¥,

(4) fEProb {FNCy,a| 2(t) = «}p(x, H)dx = Prob {F N {z(t) € E}}.

We write integrals over C; or C,,, with respect to the Wiener measures as
E{CIJ(x())} and E{<I>(x(-))| x(t) = x},

respectively; the integral over a subset F of C, is denoted as E{<I>(x(-));
x(-)EF } .

We obtain the results listed under A and B by treating the Green’s func-
tion K(x, y; ¢t) of (2) as the kernel of a semi-group of positive definite, self-
adjoint, contraction operators on L?(Q). The infinitesimal generator of the
semi-group is just the differential operator L, and hence the results concern-
ing the nature of the spectrum of L follow immediately from similar results
for the semi-group. Using the explicit form for K(x, y; t), we shall show that
the semigroup consists of completely continuous operators in the cases A
and B, and hence that the results hold which are stated there concerning the
nature of the spectrum. The proof of complete continuity is a direct one,
using a criterion of Tamarkin to show that the unit ball of L2(Q) is sent into
a compact set by each of the operators. Hence we have a direct and explicit
proof that the operator L has a discrete spectrum in the cases A and B.

Finally we prove the results concerning the asymptotic behavior of the
eigenfunctions and eigenvalues of L. From the previous sections we find that

> exp {— )\nt}qsz(x) = K(x, x; 1), > exp {—— Mt} = f_K(x, x; b)dx.
n n Q
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We next infer from (3) that as {—0, K(x, x; )~ (27¢)~"/2; a Tauberian argu-
ment therefore implies

> 6ka) ~ (l)m .

oy w) T(N/2+ 1)

as A— ., If Qis bounded, it is fairly easy to see that the asymptotic relation
can be integrated over @ with respect to x, yielding
N\V/2 mQ
Ny = 3 1~(_) S —
An<A 2w I(N/241)
asA— o,

If Q is unbounded, a Tauberian theorem can still be used to derive the
asymptotic formula for N(\) only if additional hypotheses are assumed con-
cerning the potential V(x). If m{xEﬁ] V(x) <)\}~)\“F()\), with =0 and
F(\) slowly increasing, then the formula can be obtained from a Tauberian
theorem of Karamata from the relation

1
fK(x, x; t)de—-—-—f eV dy, t— 0.
a Q2rt)N12J g

To prove this last equation, however, we require in addition a condition on the
smoothness of V(x).

These restrictions are actually necessary for reasons more inherent in the
nature of the problem. This is illustrated by the potential V(x)=log* |x|
on R¥, for which none of the above conditions hold. It can still be shown,
however, that in this case,

A N
f eMWANO) = >, e—mz~2)\/(2N)N/21‘<—).

0 An<A 2
It seems likely that no closer approximation to N(\) can be found from only
the asymptotic behavior of V(x), since a great deal of variation can be al-
lowed in N(\) without appreciably changing the behavior of its Laplace trans-
form.

We believe that the association of probability theory with the differential
equation (2) is quite natural, and that the form (3) of the Green’s function
makes intuitively obvious many of the deeper properties of the differential
operator L. It is hoped that the technique will be applicable to other prob-
lems, in particular to investigate the operator L in the case of a continuous
spectrum.

2. Green’s functions associated with the operator L. The following theo-
rem forms the basis of our treatment of the differential operator L. The proof
is only a slight modification of that of Rosenblatt [2], and so only an outline
of it is given here.
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THEOREM I. Let 2 be an open set in RY such that at each boundary point x of
Q, there is a sphere with center x, some open sector of which is entirely outside
the closure Q of Q.

Let V(x) be a non-negative Borel measurable function defined on Q, bounded
on each bounded subset of Q. Let V(x) satisfy, at almost every point x in Q, a
Lipschitz condition of the form

(5) | V() — V()| < M(2)| 2 — '], 0<as1,

' in some neighborhood of x.
For x, vy in Q, t>0, s>0, set

K(x, y; )=p(x—2, )

© .E{exp {— fotV(}'+x(r))dr} i ¥+ () EQ, 0=r=¢| x(t)=x—y} ,

H(x, y;5) =f e K(x, y; H)dt.
0

Then
(1) K(x, y; t) is the Green's function of the differential equation (2)

—;—Aqb(x, ) — V(x)p(x, £) = %cb(x, 5, zEQt>0,
with boundary values zero: If Y(x) is a continuous function in L*(Q), then
8, ) = [ Kz, 3 0¥(5)ay
s the unique function with the properties:
Ad(x, t) and d¢(x, t)/0t exist at each point x in Q at which the Lipschitz

condition (5) holds, and for each t>0, and 2—'A¢(x, t) —dp(x, t) /0t = V(x)d(x, t);
@ (x, t) is continuous on Q for each t >0, and ¢(x, t) =0 on the boundary of Q;

lim ¢(x, £) = Y(x) for each x in Q;
-0
(=, t) is in L*(Q) for each t > 0, and lim ||¢(x, 1) — :[/(x)ll =0,
-0

(2) H(x, v; s) is the Green’s function of the differential operator
Lp(x) = 1/2 Ap(x) — (s + V(#))o(x), s> 0,

on Q with boundary values zero: If Y(x) is a continuous function in L*(Q), then

o(x) = f§H<x, ¥; SW()dy
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s the unique function with the properties:

Ap(x) exists at each point x in Q at which the Lipschitz condition (S) holds,
and 27A¢(x) = (s + V(x))$(x) —¥(x);

&(x) is continuous on Q and ¢(x) =0 on the boundary of Q;

o(x) is in L2(Q).

If @=R¥ and V(x) is bounded on RY, besides satisfying the hypotheses of
the theorem, then Rosenblatt has proved that K(x, v; t) has second spatial
derivatives and a first time derivative, satisfying (2), at each point x in R¥
at which the Lipschitz condition holds for V(x) ,and at each ¢>0. This same
result can be extended to the general case by the following methods:

Set V.(x)=V(x) if V(x)<n and #isin Q; Va(x)=n if V(x)>n and xEQ
or if x&Q. Set

K.(x, y;8) = p(x — 9, ))E {exp {—fotV,.(y + x(‘r)dv-} | () = x — y} .

Then K, (x, y; t) = Knpa(x, ¥; £), and
lim Ka(%, y: ) = K(%, y;8) = p(x — 9, )

n—o0

-E{exp {—fO‘V(y-I— x(T))dT};y+x(T)€§,0§r§t|x(t)=x—y}.

The latter statement is proved if we show that for every path x(-) of the
Wiener process such that x(¢) =x—y,

i t
lim exp {—f Va.ly + x(r))dr} = exp {— f Viy + x(r))dr} Cg(x(-)),
n—o 0 0

where Cg(x(-))=1 if x(r)+yEQ for 0=7=¢, and Cs(x(-)) =0 otherwise.
But if the path x(-) satisfies x(r) +yEQ, 0 <7 <¢, then certainly

exp {— fo Valy + x(T))d‘r} —exp {— fo Yy + x(r))df} .

If on the other hand y-x(ro) is in the complement of Q for some 74, 0 <7 <¢,
then since the Wiener path x(-) is continuous, x(7)+v is in the complement
of @ for all 7 in some interval of time of length §>0. Hence

t

lim exp {— f Valx + x(T))dT} < lime™ =

n—® 0 n— 0
Let xo be a point in @ at which the Lipschitz condition on V(x) holds, and

take £>0. Since Q is open, there is a sphere of radius say r, about x,, entirely

in . Let p(r) be a function of the real variable =0, sufficiently smooth,

such thatp(r) =1for 0=<r=<r,/4, p(r) =0 for r =ro/2. Set g(£, ') = p(¢, t')p(l El ).
By Rosenblatt’s proof,
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1 I¢]
— AK, (%, y; 8) — Va(2)Ku(2, v;8) = a_t K. (x, v; b

at every point of R¥ at which (5) holds. Green’s formula can be applied, since
(2'A—3/dt)K, is essentially bounded in the sphere |x—xo =<r,, and with

little difficulty we obtain for Ix—xo| =r¢/2
[faf ds(l A+ a) (& — & ¢ — )Kall, %3 ¥)
0 RN 2 ¢ ot 7 ’ me ¥
t
(% y;8) —q(x— 3,0 + f dat’ f Ndfq(x — &t = VO KAE 3 1).
0 R

Now since each of the integrands vanishes outside the sphere lé—xol =7,
and since in the sphere V({) is bounded, we may let # approach infinity,

obtaining the following integral equation for K(x, v; ¢)

K(x, y; 8) -I-f dt’f_d&'q(x — &t —=VEKE v; t)

)
—q(x—y,t)+f dt'fde( A+ )q(x—e,t—t') K, 9: ).

As in Rosenblatt’s proof, it now follows that AK(x, v; t) and dK(x, y;t)/d¢
exist whenever (5) holds at xE€Q, and ¢t>0. Moreover, these derivatives can

be calculated [4, pp. 189, 193], and it is found that

%AK(xo, y; ) — -% K(xo, y; )
= VK(o 3 0) + (5 8= ) gso = &9
~ [ fLar(5 st 2ot — 61 - OV@KG 3 )
[ at [ ae(5 00+ o) ot &1 - DK 3 )
Lao ) oz — &, 1)

ot
= lim {V,.(xo)K,,(xo, y; t) + (
)Q(xo — &1 = OVa®Kalts 3; )
)

n—>o

‘ 1
| ar [a(=a 4+
fo tfag(z et

‘ 1 a\? .
4 _— —_ - - ,Kn y Y3
+fo dt fnd:z(z A+ o5 ) ol — & 8 = D) KalE 5 t)}
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1 a3
= lim <— AK.,(%0, v; ) — — K.(%o, ;t}
{2 (1,33 ) = — Kol 33 1)

n—wo

= lim {Va(%0)Ka(xo, y; )} = V(x0) K(0y; ).
That for every continuous function ¥(x) in L(Q)
o(x, 1) =fK(x, y; OY(y)dy
Q

has second spacial derivatives and a single time derivative satisfying (2)
whenever x is a point at which (5) holds and whenever £ >0 can now be proved
by substituting the equation (7) for K(x, y; t), obtaining an integral equation
for ¢(x, t), to which the same analysis as above applies. The initial value
properties for ¢(x, t) follow from the relation

M%Q=LKmyme®

=j:_)E{exp {—fo‘V(y + x(f))dr};

(8)
y+a() EQO0Sr=t]|a) = x— y} Y(p(x — y, Hdy

= Bfew {= [ Ve + sarf via + 500);

x+Mﬁ€ﬂO§r§%,

which is easily derived from equation (4). From (8) it is also clear that
é(x, £) is in L2(Q) for all £>0, and ||é(x, £)|| <|[¥/|.

It can be shown [4] that A¢(x, f) has the bound K¢~V2 for x in a small
neighborhood of a point x, of Q at which (5) holds. Hence

o(2) = f o1z, 1)t = famx, 3 W (3)dy

has second derivatives at xy, and from the initial value relations for ¢(x, £),
these satisfy

1
—2'A¢(xo) = (s + V(%0))p(x0) = — ¢(x0).

It is clear also that ¢(x) is in L3(Q).
The uniqueness of the solutions ¢(x, f) and ¢(x) is proved by standard
methods. If the boundary of  is sufficiently smooth, the uniqueness follows
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from Green’s formula. In general, using the result for Q with smooth bound-
aries, it can be shown that a solution of (2) can have no positive maximum
or negative minimum, from which the uniqueness follows.

It remains to show that ¢(x) and ¢(x, ¢) have the proper boundary values.
For this it is sufficient to show that lim,..,.co K(x, y;¢) =0if y&Q, £>0, and
if x¢ is a boundary point of Q. To this purpose, we give the following result
in the theory of Wiener processes, due to G. A. Hunt.

LEMMA 1. Let C be the open sector in RV :
C={x=(at, -+, x”)] ()24 - -+ (2V)2 < b (ah)?, | xl < a}.
Let {t.} be a sequence of times such that 0<t,,1<t,<1 and t,—0. Then
Prob {x(t.) € C for infinitely many n} = 1.

Set X, =x(ts) —x(tss1). Then for no=1,2, - - -, {Xl, cee, X,.o} are inde-
pendent of { D= X, n>no}, so that the event {x(t.) EC for infinitely many
n>no} = { d® Xy&EC for infinitely many n>no} is independent of
{X1, - -+, Xa,}. Hence, by the zero-one law of probability [8, p. 69],
Prob {x(t,,) € C for infinitely many n} is zero or one. But

1 — Prob {«(t,) € C for infinitely many }
= lim Prob {x(t.) € C, for all n = n,}

no—»eo

< lim Prob {z(,) & C}
no—no

é lhn [1 - wcf P()’, tno)dy:l
g lyi<a

=1-—w,

where w, is the ratio of the solid angle subtended by the sector C to the total
solid angle 2¥/2/T'(N/2) in R¥. Hence Prob {x(t.) €C for infinitely many #
=w,>0, so that by the zero-one law, Prob {x(t,.)GC for infinitely many »
=1, :
We now prove lim,.,,:ca K(x, ¥; £) =0, whenever x, is a boundary point
of Q. Certainly
lim K(x, 9;8) £ lim Ka(x, y;1) = Ka(20; 3 8),

2-29,2EQ 2-29,2EQ
for every positive integer #, so that

lim K(x, y;¢) < lim K,(xo, y; ) = K(%0, ¥: 1)

z—29,2E Q n—o
< p(2% — y,8) Prob {axo+ 2(r) EQ, 0= 7 < ¢ 2(f) = y — x0}.
By the regularity hypothesis on the set @, there is an open conical sector C
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with vertex xo, entirely outside Q. Let C; be the translation of C by —x, in
RY¥. Then . :

lim K(x, y;8) < p(a0 — y, £) Prob {2(r) € C1, 0 < 7 < t] 2(t) = y}

7—70,2E Q

=< p(xo — v, t) Prob {x(r) &C,0=1= %'l x(2) = y}

st rscncr )

R p(x0 — ¥, 8) .t_
(wt)N! _—_p(y, ) Prob {x('r) &ECL0=s7= 2}

=0 by Lemma 5.

IIA

Since K(x, y; t) =0, we have s_hown that K(x, y; t) is continuous on @, with
value zero on the boundary of Q. The same properties therefore hold for ¢(x, £)
and ¢(x), and the proof of Theorem I is complete.

THEOREM II. Let Q and V(x) be as in Theorem 1; then K(x, v; t), defined in
equation (6) is the kernel of a semi-group of operators

W(®) — Kop(3) = fK(x ¥ ¥(y)dy, (>0,

on the Hilbert space L*(Q). Each operator K, is self-adjoint, positive definite,
and is a strict contraction: ||Ka|| <|[¢|| if ¥ =0. The semi-group is strongly
continuous for t=0: that is, lima;.o ||K,+A,¢—K,¢“ =0 for every ¥ in L%(Q)
and for £ 20, where Ko Y =1.

We omit the proof of Theorem II. It follows either from the fact that
K(x, v;t) is the Green's function of (2), or directly from the theory of Wiener
integrals, using equation (8). In the latter method of proof, the only step
which is not trivial is the proof of the semi-group property K, =K,K,.

3. Nature of the spectrum of L=2"'A— V(x). We are now prepared to
prove from Theorems I and II the results stated in the introduction under A
and B. First we prove that if Q is bounded or if lim;|.,.ca V(%) = , then
L has a discrete spectrum. This is a simple corollary of the fact that the oper-
ators K, of Theorem II are completely continuous in these cases. This in
turn can be quite directly derived from equation (8), using the following
calculation of the measure of certain subsets of the Wiener spaces C;,; and C..

LEMMA 2. If a>0, then

(9) Prob { Max | «(r) | >7a| x(t)t=;o}|§ 2N exp {— a?/2t},

07t
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(10) Prob { Max ] x(7) | > a} =3 p(y, H)dy.
0sS7St ly|>a/a

Let Ia be the cube in R¥ {x=(x’, - - -, x”)| Ix'l =<a, lgiéN}. Then by
Theorem 1, if x is in Ta,

p(, t) Prob {a(r) €I, 0 < 7 < t| 2(t) = 2} = K(x, 0; 2),

where K(x, y; t) is the Green’s function of 2—'A¢ =9¢/dt with boundary values
zero on the boundary of Ia. It is easily verified that

K(x,Ot)—"‘HZCOS—<n+ )x‘exp{———(n+ )}

a' =1 ne=l

Applying the Poisson summation formula,
7l'2 2
—Z cos—(n—l— )x"exp {———(n+ ) }
Q@ n=0 2a?
_exp {— (x')’/Zt} hd B 2ak ;
= i (1 - 21: (— 1) l(exp {— _t— (ak — x)}
2ak )
o (- o))

> exp | — (x")2/2t}<1 — 2exp {_E;(a— | x"I)}),

(2mp)r/2

since the terms of the alternating series decrease for | x| <a. Hence

Prob { Max l x(f)l =< al x(t) = 0}

0=s7sSt

v

Prob {x(r) € Ia/2,0 < 7 < t| #() = 0}
1 N 1 a?
70,0 L G (l 2 {_ 5}>

a
21— 2N exp {_E;}’

and this is equivalent to equation (9).
To derive equation (10), we make use of the relation (4) satisfied by the
conditional probability measure:

Prob {x(r) € Is,0 < 7 £ t}

v

=f p(x, £) Prob {x(r) €E1s,0 < 7 < t| x(t) = x}dx



1954] SPECTRA OF SECOND-ORDER DIFFERENTIAL OPERATORS 311

;fh(l - 2$exp {—?(a—lx"])})f:(x, Hdx

zf” exp {— x?/2t} dx
a (2me)112

=1-3 p(x, t)dx.

RN_Ja

Therefore

Prob { Max |x(f)| = a} = Prob {x(r) € /2,0 < 7 £ 1}
0=7s¢t

21-3[  pmnarzi-3f .00,
—Ia/2 lyl|>a/s
which yields equation (10).
We immediately use this result to prove the complete continuity of each
operator K, in the semi-group under the conditions described in A and B of
the introduction.

LEMMA 3. Let Q and V(x) be as in Theorem 1, and suppose also either that
Q is bounded or else that lim ;| .o,sc0 V(x)= . Then for each t>0, K,:

’

Kab(z) = fﬁmx, ¥: D¥(y)dy

is completely continuous on L*(Q). Hence K, has a countable set of eigenvalues
exp (—\;it}, with eigenfunctions {$;(x)} independent of t and forming a com-
plete orthonormal basis in L*(Q).

The complete continuity of K, t>0, is a consequence of a theorem of
Tamarkin [7], if we prove

(1) Ka(x) is bounded uniformly for ¢ in L2(Q) with Ilapll =1 and for x in Q.

) [ |,|>.,| Ky(x) | 2dx—0 as a— =, uniformly for ¥ in L2(Q) with ”V/” =1.

But (1) is easy, using equation (8):

ki@ s Blep {= [ Vet stanh | vie+ 5]

x+x(r)€§,0§r§t}
SE{|¢(x+2@)|;2+2(r) €Q 0= 7 < ¢}
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< f Py — % | ¥y | dy < [ fRN(p(y, t»»dy]’”lwu

= (4rt)-N12,

if ||¢]| =1. Moreover the statement (2) is trivial if © is bounded, so that in
this case Tamarkin’s criterion certainly holds.

To prove (2) in general, note first that by hypothesis exp {—tV(x)}
<8(a) if || >a/2, xEQ, where §(a)—0 as a— . Hence if x€Q and |x| >a,

t
E{exp {— zf V(x + x(‘r))d‘r} ix+2(n) EQO=S1 = t}
0
< Prob {x+ () EQ,0=< 7 =t; Max |x(r)| > a/Z}
0sS7st
+ (5(a))? Prob {x +2(r) €EQ, 0<r <t; Max | ()| gi}
0sr<t 2

=3 #(y, )dy + (5(a))*

lyl>a/8

Thus
f I K(x) |2dx
| z|>a

éflzbade{exp {— ZfotV(x+ x(f))dr} i 2+ x(7) E 20=sr= t}

E{|¥(x+ 2(®) |5 2+ 2() ER 0 r <1}
by Schwarz’s inequality applied to (8),

=(s / st <a(a>)2)

f dxE{ |Y(x + 2(®)) |H e+ 2(r) €Q,0 = 7 = ¢}
|z|>a

< (s [ i+ CORETR

and this tends to zero as a becomes infinite, uniformly for ¥ in L%(Q) with
l¢]l =1. The proof of Tamarkin’s criterion, and hence of the complete con-
tinuity of K, in the cases stated, is now complete.

That the complete continuity of K, together with the fact that K, is
positive definite, imply that K, has a sequence of eigenvalues from whose
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eigenfunctions a complete orthonormal basis may be chosen is well known.

The remainder of the proof is also quite standard. If ¢ is an eigenfunction
of K, with eigenvalue u, we have clearly 0 <u <1since K,is positive definite and
a strict contraction; set A\ = — (1/¢) log u. ¢ is also an eigenfunction of K,» with
eigenvalue exp { —\(t/2) } =uV/2 For (K,—ul)¢ = (K yo+ut2I) (K yo— pV2I)=0,
but setting Y=K p—u?¢, 0=|(Kipn+p2DY|*=(Kipt+u'?D%, V)
=|| K a||2+nd|y]|2+ 212Ky, ¥), so that ¥ =K yp—u'?%p=0 follows from
the fact that K, is positive definite. Repeating the process, we see that ¢ is
an eigenfunction of K, with eigenvalue exp { —\t'}, whenever ¢’ = (m/2")t
for positive integers m, n. Since such numbers are dense in the half line
{'>0}, the strong continuity of the semi-group implies that ¢ is an eigen-
function of K;, with eigenvalue e~¢, for every ¢’ >0.

We use the relation between the semi-group and the operator L, and use
Lemma 3 to prove the first of the results stated in the introduction.

THEOREM III. Let Q and V(x) be as in Theorem 1, and suppose also either
that Q is bounded, or that lim|s).w,.ca V(x) = . Then the differential operator
L=A/2—V(x) on L%(Q), with boundary values zero, has a discrete spectrum of
negative eigenvalues { —\,}, with eigenfunctions forming a complete orthonormal
basis in L2(Q).

Theorem III is a direct consequence of Lemma 3 and the fact that ¢(x)
is an eigenfunction of L with eigenvalue —N\ if and only if ¢(x) is an eigen-
function of K, for each ¢t>0, with eigenvalue e™‘ These facts are quite
simple, however: If ¢ in L*@) and \ are such that K =e¢ for >0, then
by Theorem I,

1
L(exp {— N}¢) = exp { — M}(-z— Ag — V(x)¢>

3
=, (exp {—Nj¢) = —Nexp {— M}o

so that ¢ is an eigenfunction of L with eigenvalue —\. On the other hand, if
—X\ is an eigenvalue of L, with eigenfunction ¢ in L2(Q), then by Theorem I,

14 = [ B 3980y = [Tk aa

1 0
x) = e teMp(x)dt
— 9 = [ e
for every s>0. By the uniqueness of the Laplace transforms K
=exp { —\t}¢ for all >0, which completes the proof.
4. Asymptotic behavior of the eigenfunctions and eigenvalues of L. In
this last section of the paper we give the asymptotic relations stated in the
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introduction for the eigenfunctions and eigenvalues of L. The first three of

these results are now very easily proved, and serve to illustrate the method
used. '

THEOREM IV. Let Q and V(x) be as in Theorem 1, and suppose also either
that Q is bounded, or that lim ;| .e,.ca V(x)= . Then the normalized eigen-
Sfunctions {qS,.(x)} of the differential operator L=2"'A— V(x), with boundary

values zero on Q, satisfy
A\ V2 1
5 s~ ()"t
An<A 2 T(N/2+4+ 1)

as \—», for each x in Q.

Since each eigenfunction ¢, of L is also an eigenfunction of K,, with eigen-
value exp { —\.t}, and since {¢.} is an orthonormal basis in L¥(@), it is easy
to verify that

K(x, y;t) = 2 exp {— Mt} a(2)a(y)

for x, y in © and ¢>0. Hence

Siexp {— )\,.t}qs:(x) = K(x, x; 1)
1 t
= T E{exp {—fo V(xz+ x(r))df} ;
x+ 2(r) €Q,0= 1= t] @) =0}

= [ "o (- Ml T o).

An<A

(11)

Now as t—0, it is clear that for x in ,
E{exp {—fotV(x+ x('r))d'r} ia+ 2(r) €EQ0=r=t]a@) = o}
tends to 1. For
exp {— j:)tV(x + x(r))df} -1

for each of the continuous paths x(-) of the Wiener process, while by Lemma
2if xEQ,

Prob {x+ 2(r) €8,0 S 7 < t| 2(f) = 0} = 1.



1954] SPECTRA OF SECOND-ORDER DIFFERENTIAL OPERATORS 315

Therefore

K(x, x; ) ~ ast— 0,

(2zt)N 12

for each x in Q. Applying the Hardy-Littlewood-Karamata Tauberian Theo-
rem [10, p. 208], this and equation (11) imply

> ¢2(x) ~ (‘)L)m'—-l—— as\—
- 2r T(N/2 + 1) :

THEOREM V. Let Q@ and V(x) be as in Theorem 1, and suppose that Q is
bounded. Then the eigenvalues { —\,} of the differential operator L=2-'A— V(x)
with boundary value zero on Q satisfy

Z N\ N2 mQ
). = lN —_— et e
N = (21r> T(N/2 + 1) as N = .

By equation (11), the Laplace-Stieltjes transform of
2
NN = 2 | éu(a)dx
AN Y 0
is
f K(x, x; t)dx.
Q

As in the proof of Theorem IV, (2wt)N/2K(x, x; t)—1 and {—0, and the con-
vergence is bounded, so that

m
an(x, z; t)dx ~ P ast— 0.
Again, the Karamata Tauberian Theorem implies
N \7/2 mQ
N(’\)"’(g) TN+ D as N\ — o,

To extend the result of Theorem V to the case of € unbounded requires
more delicate treatment, and can be carried out only if the asymptotic be-
havior of V(x) as |x|—w is assumed such that the Karamata Tauberian
Theorem is applicable. In addition, a smoothness condition must be satisfied
by V(x); although this is very weak, we cannot show that the asymptotic
behavior of N(\) depends only on the asymptotic behavior of V(x).

TaEOREM VI. Let @ and V(x) be as in Theorem 1, and assume that Q is un-
bounded and that lim|z|.w,.ca V(x) = . Suppose also that
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m{x € Q| V(z) <N} ~NFQ), a0,
with F(\) slowly increasing: that is, for every u>0,

. F(uN)
lim
x-e F(N)

=1;
and that for some 6>0,

m{xem Max _ V(x+ y) <x} ~ NF()).

lyl<3z+vES

Then the eigenvalues { —)\,,} of the differential operator L=2"'A— V(x) with
boundary values zero on Q satisfy

NN = 2 1~ B(\)

wma (2 )"

1
- (ZW)Nm{x’ Y

We start the proof of Theorem VI from the relation

fwexp {— )\t}dN()\) = 'f_K(x, x; bdx
0 8

?|y|’+V(x)<X,xE§},

as \— o,

derived from equation (11). By the Karamata Tauberian theorem, N ()\)
~(1/(2r)¥)B(\) will follow if we can prove

(12) fﬁK(x, x; b)dx ~ (Zwt)N/?j:’z exp { — tV(x)}dx

For since m{xEQ| V(x) <A\} ~A*FQ\), an Abelian argument [10, p. 201] im-
plies

1 ]
i fo eMam{V(x) <}

- (2,,,1)m2 I(a + 1)F('_:_),_,

Hence the Tauberian Theorem yields
(e + 1) F(Q\)
T(e+ N/2 + 1) (2r)¥i2

@) e (= wia}as =

AN/2+ea,

N\ ~

But it is easy to see that
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1
(2rt)NI2

j:_exp {— tw(x)}dx

= (Z:r)”fzelvexp {— t %}dyj:_)exp {— tv(x)}dx

1 ©
= (21r)”~fo exp {— M}dB(\),

whence by the same argument,

B ~ Ta+1) F(\)
@2m)¥ T(a+ 1+ N/2) (2m)¥/2

Thus the proof of Theorem VI is reduced to that of equation (12).
We prove equation (12) in two steps, the first of which is relatively simple:

j:_iK(x, x; )dx = fﬁdx (ZW:)NIZ E{exp {— fotV(x + x(f))dr} ;

x+x('r)€§,0§'r§t|x(t)=0}

N ~ Ni2ta,

1 1,
s Jer gt ), o
‘Elexp {— tV(z+ 2(r)}; 2+ 2(r) EQ,0 < v < t] 2() = 0}

by Jensen's inequality,

t 1 ‘d-rE{fz _exp{—tV(z+ x(r))}dx|x(t)=0}

N (21l't)le i 0 Eﬁ,”z(f)EQ

= (271':)”12 —tl—fotde{fﬁ exp {— tV(x)}dx[ x2() = 0}

1
= (27rt)N/‘*‘fn exp {— tV(x)}dx.
Therefore
_ 1
(13) faK(x, x;t)dx < (zwt)Nlﬁfﬁ exp { — tV(x)}dx, t>0.

To prove that asymptotically, the opposite inequality holds, we write
first

flu,9) =0 fu=soy flu,9) =1 ifu>o
Then
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f_K(x, x; t)dx
Q
1 ® ¢
- (27rt)”lzj:3de{j; exp {— “}f(u, f V(s + x(f))d'r)du;

x4+ x(f)€§,0§f§tlx(t) =0}

1 0
= (21rt)”“fo exp {— u}du

. E{ f e, f(u, fo Viw+ x(r))df)dxl w(0) = o}
vl
j; exp { — u}du

T @myrn

E{m{xe S_l‘ fo‘V(x+ %(r))dr < u;

x+x(’r)€§,0§1§t} x(t)=0}

1 0
f exp {— u}du
0

>
(2mo)N Iz

-E{m{xéﬁlf‘V(x+x(r))d'r<u, t+2(r)EQO=S7= t};
0

Max | 2()| < 8] () = o},
0s7st

since the Wiener integral over the complementary subset { Maxos.=: Ix(f)l
g&} of C;o is certainly non-negative. But if Maxog,<: |x(1-)| <4, then
t Max |y« V(x+y) <u implies [jV(x+x(r))dr <u, so that

fowexp {— u}du

f K(x, x;t)dx =

2 2nt)Ni2

oE{m{xE'ﬁt Max _ V(x+y)<u}; Max|x(f)|<8|x(t)=0}
WI<z+yEa 0srst

1 ® _

= (27rt)lej:, e‘“du-m{x cQ

'(1 -3 (3, t)dy)-
lyl|>8/4

Max _ V(x+y) <1:—}

wI<dz+yvEQ
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Now as t—0, 1—3 [,1>s4 (¥, t)dy—1, while by the Abelian argument pre-
sented before, and by the hypothesis

m{xeﬁ

Max _ V(») < )\} ~ NeF(N),
W<&z+yESD

we infer
f exp {— u}dum{xe Q
0

From these considerations, together with (13), it follows that

f_exp {— tv(x)}dx

Max _ V(%) < %} ~T(a+ 1F (%)t—“.

wI<sz+yEQ

fK(x, x; )dx ~
a 2xt)Niz

1

e e+ 07( )
as t—0. This proves equation (12), thus completing the proof of Theorem VI.

In order to illustrate the dependence of the result of Theorem VI on the
hypothesis, we consider the potential V(x) =log+lx| = Max {log]x| ,0} on
Q=RY. None of the hypotheses concerning the asymptotic behavior of V(x)
are satisfied for this potential; still, some partial information can be deduced
concerning the eigenvalues of L=A/2—log*|x|.

By Theorem III, L=2"1A—logt {xl has a discrete spectrum of negative
eigenvalues {—)\,.} with eigenfunctions {q,’»,.(x)}, satisfying

> exp {— Mt} n(a)

(Zw:)N“E{eXp {—fotlog+ | 2 + 2(r) | dT} | 2(8) = 0} .

= K(x, x;t) =
Moreover if i>N

> exp {— Mt} =f°°exp {— M}aN ()
n []

= (ZW:)N”fszde{eXp {— j;iog"‘ | x4+ x2(7) I d-r} | x(t) = 0} ;

but both sides of the equation are infinite if #<N. We can still apply Kara-
mata's Theorem, however, to the relation

f”exp {— )\t} exp {— )\N}dN()\) =f K(x, x; ¢t + N)dx.
0 RN
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As in the proof of Theorem VI,

2xNI2 (1+1> f { (t+N)l+| I}d
—_ — —_—) = _ 0
T/2)\N e CHR AR A
> (2r(t + M) f K(x, #; ¢ + N)dax
RN
gfo exp {— u}dum{xER” Il:’{g:log"' |2+ 5] < t-:N}
(1=3f  s0.009)
1>/
a2 A 5"
= — (¢ N
T(N/2+1) ¢+ )(20: kKI(N — k)t + k)
(1=3f  10.08).
s ly|>8/4
Hence as t—90,

1 2
(QN)¥'2 T(N/2) ¢

applying Karamata’'s Tauberian theorem,

f K(x, ;¢ + N)dx ~
RN

[Me = Wufavio = e {= M} i )
= T L 072 R

On the average, therefore, the number N(\) of eigenvalues of the potential
log+ |x| behaves like 2(2N)~%/2/T'(N/2) - e¥, although it seems impossible to
prove asymptotic equality of N(\) with this expression without using more
than just the asymptotic behavior of the potential V(x).

Added in proof. The author has learned that using Tauberian arguments,
Professor Titchmarsh has recently derived asymptotic relations for the eigen-
values of the differential operator L in dimensions greater than one. His new
results bear much the same relationship to ours as do his previous results in
the one-dimensional case.
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